118 Linear Algebra: Vectors, Matrices, and Operations
3.6.1 Special Matrixz Forms

An interesting type of matrix that we did not discuss before is the idempotent

matrix. Thisisamatrix that has the multiplication property
XX =X?=X
and therefore the property
X"=XX---X=X, neZlt

(i.e., n is some positive integer). Obviously the identity matrix and the zero
matrix areidempotent, but the somewhat weird truthisthat therearelotsof other
idempotent matricesaswell. Thisemphasizeshow different matrix algebracan
be from scalar algebra. For instance, the following matrix is idempotent, but

you probably could not guess so by staring at it:

-1 1 -1
2 =2 2
4 —4 4

(try multiplying it). Interestingly, if amatrix isidempotent, then the difference

between this matrix and the identity matrix is aso idempotent because
I-X)P2=I"-2X+X?*=1-2X+X=(I-X).

We can test this with the example matrix above:

100 -1 1 -1
(I-X)?= 01 01|— 2 -2 2
00 1 4 —4 4
~ 2
2 —1 1 2 -1 1
=] -2 3 2| =|-2 3 -2
-4 4 -3 -4 4 -3

Relatedly, a square nilpotent matrix is one with the property that X" = 0, for

a positive integer n. Clearly the zero matrix is nilpotent, but others exist as



